Rules for integrands of the form P[x] (fx)" (d + ex?)? (a + bx* + c x*)?

X" (A+Bx2+Cx4)
1. d1xwhenb2—4ac¢e/\fez
(d+ex?) Va+bx?+cx?

X" (A+Bx2+Cx4) .
1: dlxwhenb2-4ac¢e/\;ez+
(d+ex2) Va+bx?+cx*

Rule:If b2-4ac+0 A ez, then

J x" (A+Bx?+Cx*)
dx —
(d+ex2) Va+bx?+cx*

Cx™*vVa+bx?+cx? 1 x"-2
ce (m+1) ce(m+1) (d+ex2)Va+bx2+cx4

(acd (m-1) - (Ace(m+1) -C (ae(m-1) +bdm)) x>~ (Bce (m+1) -C (bem+cd (m+1))) x*) dx

Program code:

Int[Px_*x_"m_/ ((d_+e_.*x_"2)xSqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol]
With [ {A=Coeff [Px,X,0] ,B=Coeff [Px,X,2],C=Coeff[Px,x,4]},
Cxx" (m-1) »Sqrt[a+bxx"2+c*x"4] / (cxex (m+1)) -
1/ (cxex (m+1)) *Int[ (x*(m-2) / ((d+e*x”2) *Sqrt[a+b*x*2+c*x"4]) ) =
Simp[a*C*d*(m—l)—(A*c*e*(m+1)—C*(a*e*(m—l)+b*d*m))*xAZ—(B*c*e*(m+1)—C*(b*e*m+c*d*(m+1)))*x“4,x],x]] /3
FreeQ[{a,b,c,d,e},x] && PolyQ[Px,x"2,2] && NeQ[b”"2-4xaxc,0] && IGtQ[m/2,0]

Int[Px_x*x_"m_/ ((d_+e_.*x_"2) xSqrt[a_+c_.*x_"4]) ,x_Symbol]
With[{A=Coeff [Px,X,@],B=Coeff[Px,X,2],C=Coeff[Px,X,4]},
Cxx" (m-1) »Sqrt[a+c*x*4]/ (cxex (m+1l)) -

1/ (cxex (m+1)) *Int[ (X~ (m-2) / ((d+exx”"2) xSqrt[a+cxx*4]) ) *
Simp[a*c*d*(m—l)—(A*c*e*(m+1)—c*a*e*(m—1))*x“2—(B*c*e*(m+1)—c*c*d*(m+1))*xA4,x],x]] /5
FreeQ[{a,c,d,e},x] && PolyQ[Px,x"2,2] && IGtQ[m/2,0]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

X" (A+Bx2+Cx4) N
2: d1xwhenb2—4ac¢0/\562‘

(d+ex?) Va+bx*+cx?

Rule:If b>-4ac+0 A T ez,then

J X" (A+Bx*+Cx*)
dx —
(d+ex?) Va+bx*+cx?

Ax™1Va+bx?+cx? 1 J x™+2
+ .
(d+ex*) Va+bx*+cx?

ad (m+1) ad (m+1)
(aBd (m+1) -A(ae (m+1) +bd (m+2)) + (aCd (m+1) -A(be (m+2) +cd (m+3))) x*-Ace (m+3) x*) dx

Program code:

Int[Px_»x_"m_/ ((d_+e_.*x_"2)xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
With [ {A=Coeff [Px,X,0],B=Coeff[Px,X,2],C=Coeff[Px,X,4]},
Axx” (m+1) *Sqrt[a+b*x*2+c*x*4] / (a*xd* (m+1)) +
1/ (a*dx (m+1)) *Int[ (XA (m+2) / ((d+exx"2) xSqrt[a+bxx"2+c*xx"4]) )
Simp[axBxd* (m+1) -Ax (axex (m+1) +bxdx (m+2) ) + (a*Cxd* (m+1) -Ax (bxex (M+2) +Cxd* (M+3) ) ) *X*2-AxCxe* (M+3) *x"4,X] ,x] ] /3
FreeQ[{a,b,c,d,e},x] & & PolyQ[Px,x"2,2] && NeQ[b”2-4xaxc,0] && ILtQ[m/2,0]

Int[Px_xx_"m_/ ((d_+e_.*Xx_"2)xSqrt[a_+c_.xx_"4]),x_Symbol] :=
With [ {A=Coeff [Px,X,@] ,B=Coeff[Px,X,2],C=Coeff[Px,X,4]},
Axx” (m+1) xSqrt[a+cxx*4] / (axd* (m+1)) +
1/ (axdx (m+1)) *Int[ (XA (m+2) / ((d+exx”2) xSqrt[a+cxx"4]) ) =
Simp[axBxd* (m+1) -Axaxex (m+1) + (axCxdx (M+1) ~AxCxd* (M+3) ) *X*2-AxC*xe* (M+3) *X"4,X] ,X] ] /3
FreeQ[{a,c,d,e},x] && PolyQ[Px,x"2,2] && ILtQ[m/2,0]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

Rules for integrands of the form P[x] (d + ex*)? (a+bx* + cx*)°?

1: xP[xz] (d+ex2)q (a+bx2+cx4)pdlx

Derivation: Integration by substitution
Basis: xF[x?] = fSubst[F[x], X, X2] 8x?

Rule 1.2.2.7.1:

JXP[XZ] (d+ex?)? (a+bx*+cx*)Pdx — %Subst[jP[x] (d+ex)? (a+bx+cx?)Pdx, x, xz]

Program code:

Int[x_*Px_=*(d_+e_.xx_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/2%Subst [Int [ReplaceAll [Px,x->Sqrt[x]]* (d+exx)*q* (a+bxx+c*x"2) *p,x],X,Xx 2] /;
FreeQ[{a,b,c,d,e,p,q},x] && PolyQ[Px,x"2]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

2: JP,. [x] (d+ex?)? (a+bx*+cx*)?dx when PolynomialRemainder [P, [X], X, X] =

Derivation: Algebraic simplification

Rule 1.2.2.7.2: If PolynomialRemainder [P.[Xx], X, X] = 0, then

JPF [x] (d+ex?)? (a+bx*+cx*)Pdx — |xPolynomialQuotient[P.[x], X, x] (d+ex*)? (a+bx*+cx*)?dx

Program code:

Int[Pr_x(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
Int[xxPolynomialQuotient [Pr,X,X] (d+exX"2)~q# (a+b*x"2+c*x"4)"p,x]| /;
FreeQ[{a,b,c,d,e,p,q},x] & PolyQ[Pr,x] && EqQ[PolynomialRemainder[Pr,x,x],0] && Not [MatchQ[Pr,x m_.xu_. /; IntegerQ[m]]]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

3: JPr[x] (d+ex?)? (a+bx*+cx*)Pdx when - P.[x?]

Derivation: Algebraic expansion
Basis: P.[x] = SL/2P.[x, 2k] x2% + x 56D /2 P [x, 2k + 1] x2X
Note: This rule transforms e.(x; into a sum of the form o, [x] + xr.[x].

Rule 1.2.2.7.3: If = P [x?], then

J\P,‘[x] (d+ex?)? (a+bx?+cx*)Pdx —

r-1

J[iPr[x, 2k] sz] (d+ex?)? (a+bx2+cx4)pdx+Jx [iPr[x, 2k +1] x2k] (d+ex?)? (a+bx®+cx*)Pdx
k=0

k=0

Program code:

Int[Pr_x(d_+e_.xx_"2)"q_.*(a_+b_.xx_"2+c_.*x_"4)"p_,x_Symbol] :=
Module [ {r=Expon[Pr,x],k},
Int[Sum|[Coeff [Pr,x,2xk]*x" (2xk), {k,0,r/2} ] * (d+exx"2) Agx (a+b*x"2+Cc*x"4) *p,x]| +
Int[xxSum|[Coeff [Pr,x,2xk+1] xx" (2xk), {k,0, (r-1) /2} ] * (d+exx"2) ~q* (a+bxx"2+c*x"4) *p,x]] /;
FreeQ[{a,b,c,d,e,p,q},x] && PolyQ[Pr,x] && Not[PolyQ[Pr,x"2]]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

4. JP[xz] (d+ex?)? (a+bx?2+cx?)Pdx whenb?-4ac#0 A cd’-bde+ae?=0

1: JP[XZ] (d+ex2)q (a+bx2+cx4)pd1x whenb?-4ac#0 A cd’-bde+ae?=0 A peZ

Derivation: Algebraic simplification
Basis:If cd?-bde+ae?=0,thena+bz+cz?= (d+ez) (3+ Ce—z)

Rule1.2.2.74.1:1f b2-4ac+0 A cd>-bde+ae?=0 A p e Z,then

[POe] (d+ex)® (avbx® v ext)Pax — [P[x] (d+ext)™ (3+ cxz]pdlx

d e

Program code:

Int[Px_=x (d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
Int [Px* (d+exx”"2) " (p+q) * (a/d+c/exx"2) *p,x] /;

FreeQ[{a,b,c,d,e,q},x] && NeQ[b”"2-4xaxc,0] && EqQ[c*xd"2-bxdxe+axe”2,0] & IntegerQ[p] &&
(PolyQ[Px,x"2] || MatchQ[Px, (f_+g_.*x"2)~r_./;FreeQ[{f,g,r},x]])

Int[Px_x (d_+e_.xx_"2)"q_.* (a_+C_.*X_"4)"p_.,x_Symbol] :=
Int [Px*x (d+exx"2) " (p+q) * (a/d+c/e*x"2)"p,x] /;
FreeQ[{a,c,d,e,q},x] & EqQ[cxd*2+axe”2,0] & IntegerQ[p] &&
(PolyQ[Px,x"2] || MatchQ[Px, (f_+g_.*x"2)~r_./;FreeQ[{f,g,r},x]])

2: jP[xz] (d+ex?)? (a+bx*+cx*)Pdx whenb?-4ac#@ A cd’-bde+ae’=0Q Ap¢z

Derivation: Piecewise constant extraction

+bx2+c x4\P
Basis: If cd? b d e + ae? = @, then 5, — 22+ <x)” o ==
<d+e X2>p (3+Cfx)

e




Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

<a+bx2+c X4>p >Fr‘acPar‘tLpJ

(d+e Xz)p é+¢)p

(a+bx2+cx4

Basis:If cd’> -bde + ae? == 9, then
(d+ex2

d e d+e

> FracPart[p] (é ﬁ) FracPart[p]
Rule1.2.2.7.42:1f b2 -4ac+0 A cd*>-bde+ae?=0 A p ¢ Z,then

Jphﬂ @+exﬂpm[§+chpdx

(a +b Xz rcC X4) FracPart[p]

e

P[x*] (d+ex?)? (a+bx*+cx*)Pdx —
(d+exz)Fr‘acPart[p] (g + cx?

FracPart[p]
d e )

Program code:

Int[Px_x (d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(a+b*x"2+c*x”4) *FracPart[p] / ( (d+exx”"2) *FracPart[p]* (a/d+c*xx"2/e) ~*FracPart[p]) *
Int [Px* (d+exx”2) " (p+q) * (a/d+c/exx"2)*p,x] /;
FreeQ[{a,b,c,d,e,p,q},x] & & NeQ[b”"2-4xaxc,0] && EqQ[cxd"2-bxdxe+axe”2,0] && Not[IntegerQ[p]] &&
(PolyQ[Px,x*2] || MatchQ[Px, (f_+g_.*x*2)"r_./;FreeQ[{f,g,r},x]])

Int[Px_« (d_+e_.*x_"2)"q_.*(a_+C_.*X_"4)"p_,x_Symbol] :=
(a+c*x"4) “FracPart[p]/ ( (d+exx”2) *FracPart[p] « (a/d+cxx*2/e) ~FracPart[p]) *
Int [Px* (d+exx”2) " (p+q) * (a/d+c/exx"2)*p,x] /;
FreeQ[{a,c,d,e,p,q},x] &% EqQ[cxd"2+axe”2,0] && Not[IntegerQ[p]] &&
(PolyQ[Px,x*2] || MatchQ[Px, (f_+g_.*x"2)~r_./;FreeQ[{f,g,r},x]])



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

5: JP[XZ] (d+ex?)? (a+bx*+cx*)Pdx whenb®-4ac#0 A cd’-bde+ae’#0 A pez

Derivation: Algebraic expansion

Rule1.2.2.75:1f b2-4ac+0 A cd>-bde+ae’?+0@ AgeZ A p e Z,then

JP[XZ] (d+ex®)? (a+bx®+cx*)Pdx — JExpandIntegrand[P[xz] (d+ex®)? (a+bx®+cx*)?, x] dx

Program code:

Int[Px_=x (d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
Int [ExpandIntegrand [Pxx (d+e%xx"2) *qx (a+b*x"2+c*x*4) *p,x],x] /;
FreeQ[{a,b,c,d,e,q},x] && PolyQ[Px,x"2] && NeQ[b”"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && IntegerQ[p]

Int[Px_x (d_+e_.*x_"2)"q_.*(a_+C_.*X_"4)"p_.,x_Symbol] :=
Int [ExpandIntegrand [Pxx (d+exx"2) *q* (a+Cc*x"4) *p,x],x] /;
FreeQ[{a,c,d,e,q},x] && PolyQ[Px,x"2] && NeQ[cxd"2+axe”2,0] && IntegerQ[p]

6. JP[xz] (d+ex?)? (a+bx?2+cx?)Pdx whenb?-4ac#0 A cd>-bde+ae?#0 A p+%ez AQqez

dx whenb?-4ac#0 A cd?>-bde+ae?#0 A qez

. JP[xz] (d+ex?)?
Va+bx?+cx*
. J«(d+ex2)q(A+Bx2+Cx“)

Va+bx?+cx?

dx whenb?-4ac#0 A cd’-bde+ae?2#0 A qez*

Rule1.2.2.7.6.1.1:1f b2-4ac+0 A cd’>-bde+ae?+0 A qezZ,then

J(d+ex2)q (A+Bx2+Cx4)
Va+bx?+cx*

dx —



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

Cx(d+exz)q‘\/a+bx2+cx4

+

c(2q+3)
1 1
J (d+exﬂ“4(Acd(2q+3)-aCd+(c(Bd+Ae)(2q+3)-C(2bd+ae+2aeq))ﬂ+(Bce(2q+3)-ZC(be-cdq+beq))ﬁ)dx
€(2a9+3) J\aibx2+cx?

Program code:

Int[(d_+e_.*x_"2)"~q_«P4x_/Sqrt[a_+b_.x*x_"2+c_.*x_"4],x_Symbol] :=
With [ {A=Coeff [P4x,X,0] ,B=Coeff [P4x,Xx,2],C=Coeff [P4x,X,4]},
Cxx* (d+exx”2) *q*Sqrt[a+bxx"2+c*x"4] / (C* (2xq+3)) +
1/ (c* (2%xq+3)) *Int[ (d+exx"2)~(gq-1) /Sqrt[a+b*x*2+c*xx"4] »
Simp[A*c*d*(z*q+3)—a*C*d+(C*(B*d+A*e)*(2*q+3)—C*(Z*b*d+a*e+2*a*e*q))*xA2+(B*c*e*(2*q+3)—2*C*(b*e—C*d*q+b*e*q))*xA4,x],x]] /5
FreeQ[{a,b,c,d,e},x] && PolyQ[P4x,x"2] && EqQ[Expon[P4x,x],4] &% NeQ[b"2-4xaxc,0] & & NeQ[cxd"2-bxdxe+axe”2,0] && IGtQ[q,0]

Int[(d_+e_.xx_"2)"~q_x»P4x_/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{A=Coeff [P4x,X,0] ,B=Coeff [P4x,x,2],C=Coeff[P4x,x,4]},
Cxx* (d+exx"2) *qxSqrt[a+c*x”4]/ (c* (2%q+3)) +
1/ (c* (2%q+3) ) »Int[ (d+exx"2)~(q-1) /Sqrt[a+C*Xx"4] »
Simp[A*C*d*(Z*q+3)—a*C*d+(C*(B*d+A*e)*(2*q+3)—a*C*e*(Z*q+1))*x“2+(B*C*e*(Z*q+3)+2*C*C*d*q)*xA4,x],x]] /3
FreeQ[{a,c,d,e},x] && PolyQ[P4x,x"2] && EqQ[Expon[P4x,x],4] & & NeQ[cxd*2+axe”2,0] && IGtQ[q,0]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

(d+ex?)? (A+BX +Cx*)
2:'[ dx whenb?-4ac#0 A cd’>-bde+ae?#0 A q+1lez”

Va+bx?+cx?

Rule 1.2.2.7.6.1.2:If b>-4ac+0 A cd’-bde+ae?+0 A q+1¢ez,then
+ex?)9 (A+Bx2+Cx*
\J‘(d ex?)? (A+B Cx*) ax

Va+bx?+cx*
(CdZ—Bde+Ae2)x(d+ex2)q*1‘\/a+bx2+cx4 1 (d+ex2)q+1
- + .
2d (q+1) (cd>-bde+ae?) 2d (q+1) (cd*-bde+ae?) J A/[3 bxZ+cx?

(ad (cd-Be) +A (ae? (2q+3) +2d (cd-be) (q+1)) -2 ((Bd-Ae) (be(q+2) -cd(q+1)) -Cd (bd+ae (q+1))) x*+c (Cd’-Bde+Ae?) (2q+5) x*) dx

Program code:

Int[(d_+e_.xx_"2)"q_x»P4x_/Sqrt[a_+b_.*x_"2+c_.*x_"4],x_Symbol] :=
With[{A=Coeff [P4x,X,0] ,B=Coeff [P4x,x,2],C=Coeff[P4x,x,4]},
- (Cxd"2-Bxdxe+Axe”2) xx» (d+e*xx”"2)~ (q+1) *Sqrt[a+b*x"2+c*xx"4] / (2xd* (q+1) » (c*d*2-bxdxe+axe”2)) +
1/ (2%d* (q+1) * (cxd*2-bxdxe+axe”2) ) xInt [ (d+exx”~2)~ (q+1) /Sqrt[a+b*Xx*2+c*x"4]
Simp[axdx (Cxd-Bxe) +Ax (axe”2x (2xq+3) +2xd* (cxd-bxe) x (q+1) ) -
2% ((Bxd-Axe) x (bxex (q+2) -cxd* (q+1) ) -Cxd* (bxd+axe* (q+1) ) ) *x 2+
Cx (Cxd 2-Bxdxe+Axe”2)  (2+q+5) »x4,x],x]] /;
FreeQ[{a,b,c,d,e},x] && PolyQ[P4x,x"2] && LeQ[Expon[P4x,x],4] &% NeQ[b"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && ILtQ[q,-1]

Int[(d_+e_.xx_"2)"q_=*P4x_/Sqrt[a_+c_.*x_"4],x_Symbol] :=
With[{A=Coeff [P4x,X,0],B=Coeff [P4x,x,2],C=Coeff[P4x,x,4]},
- (Cxd"2-Bxdxe+Axe”2) xx» (d+e*x”"2)~ (q+1) *Sqrt[a+c*x"4]/ (2xd* (q+1) » (cxd"2+axe”2)) +
1/ (2%d* (q+1) » (cxd*2+axe”2)) xInt [ (d+exx”2) ~ (q+1) /Sqrt[a+c*x 4] %
Simp[axdx (Cxd-Bxe) +Ax (a*€”2x (2xq+3) +2xC%xd"2x (q+1) ) +2xd* (BxCxd-AxCxe+axCxe) x (q+1) *X*2+C* (Cxd*2-Bxdxe+Axe”2) x (2xq+5) *x4,X] ,X] ] /5
FreeQ[{a,c,d,e},x] && PolyQ[P4x,x"2] && LeQ[Expon[P4x,x],4] &% NeQ[cxd*2+axe”2,0] && ILtQ[q,-1]

P[xz]
3. dx whenb?-4ac#0 A cd’-bde+ae?#0
(d+ex2)

Va+bx?+cx*



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p 11

A + B x?
1. dx whenb?-4ac#0 A cd’-bde+ae?#0
(d+ex?) Va+bx?+cx?
A+Bx?
1. dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd>-ae?=0
(d+ex2) Va+bx?+cx?
A + B x?
1: dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd’-ae?==0 ABd+Ae=0
(d+ex*) Va+bx*+cx?

Derivation: Integration by substitution

Basis:If cd?-ae?==0 A Bd+Ae ==0,then A8 == ASubst [ L x, X1 g —=
(d+ex?) \ a+bx?+c x* d-(bd-2ae) x \/a+bx2+c x* \/a+bxz+c x*

Rule1.2.2.7.6.1.3.1.1.1:1f b?-4ac+0 A cd’>-bde+ae?+0 A cd*>?-ae’==0 A Bd+Ae = 0,then

A+Bx? 1 X
dx — ASubst[I ) dx, X, —]
(d+ex?) Va+bx®+cx* d- (bd-2ae)x Va+bx?+cx?

Program code:

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
AxSubst[Int[1/ (d- (bxd-2xaxe) *x"2) ,Xx],X,x/Sqrt[a+bxx*2+cxx*4]] /;
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd"2-bxdxe+axe”2,0] & EqQ[cxd*2-axe”2,0] & EqQ[Bxd+Axe,0]

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
AxSubst[Int[1/ (d+2xaxexx"2),x],X,x/Sqrt[a+cxx"4]] /;
FreeQ[{a,c,d,e,A,B},x] &% NeQ[c*d"2+axe”2,0] && EqQ[c*d"2-axe”2,0] && EqQ[Bxd+Axe,0]

Va+bx?+cx?*

A+Bx?
2: dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd>-ae?==0 ABd+Ae#0
(d+ex2)

Derivation: Algebraic expansion

Rule1.2.2.7.6.1.3.1.1.2:1f b>-4ac+0 A cd*>-bde+ae*?+0 A cd*-ae?==0 ABd+Ae % 0,then



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

A+BXx? Bd+Ae 1 Bd-Ae d-ex?
dx — J~ dx - dx
(d+ex2)'Va+bx2+cx4 2de Va+bx?+cx? 2de (d+ex2)'\/a+bx2+cx4

Program code:

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
(Bxd+Axe) / (2xdxe) *Int[1/Sqrt[a+bxx*2+c*x"4],Xx] -
(Bxd-Axe) / (2xdxe) xInt [ (d-e*x”"2) / ( (d+exx”"2) xSqrt[a+bxx*2+c*x"4]) ,x] /;
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd"2-bxdxe+axe”2,0] & EqQ[cxd*2-axe”2,0] & NeQ[Bxd+Axe,0]

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=

(Bxd+Axe) / (2xdxe) *xInt [1/Sqrt[a+cxx"4],x] -

(Bxd-Axe) / (2xdxe) xInt [ (d-e*xx”"2) / ( (d+exx"2) xSqrt[a+cxx*4]) ,x] /;
FreeQ[{a,c,d,e,A,B},x] &% NeQ[c*d"2+axe”2,0] && EqQ[c*d"2-axe”2,0] && NeQ[Bxd+Axe,0]

12



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

A+Bx?
2. dx whenVb?-4ac eR V cA2-bAB+aB?=0
(d+ex?) Va+bx?+cx?
A+Bx?
1: dx whenb?-4ac#0 A cd’-bde+ae?#0 A cA2-bAB+aB?==0
(d+ex2) Va+bx?+cxt

Derivation: Piecewise constant extraction

cx?
+

\V A+B X2 i T

Basis: If cA2 - bAB + aB? == 9,th
sl € ’ » then Ox \a+b x2+c x*

Rule 1.2.2.7.6.1.3.1.2.1:1f b>-4ac+0 A cd*>-bde+ae?+0 A cA2-bAB+aB? = 0,then

X

d
Va+bx?+cx? Va+bx?+cx?

VA+BX2 a, cxt
J A +Bx? rEX VR J VA +Bx?
—
(d+ex2)

(d +ex2)

Program code:

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)*xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
Sqrt [A+Bxx~2] xSqrt[a/A+cxx*2/B]/Sqrt[a+bxx*2+c*x"4] *xInt [Sqrt [A+Bxx"2]/ ( (d+exx"2) xSqrt[a/A+c*x"2/B]),x] /;
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”2-4xaxc,0] &% NeQ[c*d"2-bxdxe+axe”2,0] & EqQ[cxA*2-bxAxB+axB"2,0]

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
Sqrt [A+Bxx~2] xSqrt[a/A+cxx*2/B]/Sqrt[a+cxx*4] xInt [Sqrt [A+Bxx*2]/ ( (d+exx”*2) xSqrt[a/A+cxx*2/B]),x] /;
FreeQ[{a,c,d,e,A,B},x] &% NeQ[c*xd"2+axe”2,0] && EqQ[c*A"2+axB”*2,0]
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Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

A+Bx?
2: dx whenb?-4ac>0 A cd>-bde+ae?#0 A cA2-bAB+aB2#0 A Vb?-4ac eR
(d+ex?) Va+bx*+cx?

Derivation: Algebraic expansion

Note:If g > \/b?-4ac andcd?>-bde+ae?+0,then2ae-d (b+q) # 0.

Rule 1.2.2.7.6.1.3.1.2.2:1f b’-4ac>0 A cd*>-bde+ae*?+0 A cA>2-bAB+aB?+0,letq-voi-4ac,if
g € R, then

J“ A+ B x> 2aB-A (b+q) 1 Bd-Ae J" 2a+ (b+q) x?

dx — J dx - dx
(d+ex2)‘\/a+bx2+cx4 2ae-d(b+a) J /3 px2+cx 2ae-d(b+q) (d+ex2)\/a+bx2+cx4
Program code:

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)*xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Sqrt[b*2-4xaxc]},
(2xa*xB-Ax (b+q) ) / (2xaxe-dx (b+q) ) *Int[1/Sqrt[a+b*x"2+c*x"4] ,Xx] -
(Bxd-Axe) / (2xaxe-d* (b+q) ) *Int[ (2xa+ (b+q) *x"2) / ( (d+exx”*2) *Sqrt[a+b*x*2+c*xx"4]) ,x] /;
RationalQ[q]] /;
FreeQ[{a,b,c,d,e,A,B},x] & GtQ[b"2-4xaxc,0] && NeQ[cxd"*2-bxdxe+axe”2,0] && NeQ[c*A*2-bxAxB+axB"2,0]

Int[ (A_+B_.*x_"2)/((d_+e_.*x_"2)xSqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Sqrt[-axc]},
(axB-Axq) / (axe-dxq) xInt[1/Sqrt[a+c*x"4],x] -
(Bxd-Axe) / (axe-dxq) *Int[ (a+q*x”"2) / ( (d+e*xx"2) x*Sqrt[a+c*x*4]) ,x] /;
RationalQ[q]] /;
FreeQ[{a,c,d,e,A,B},x] && GtQ[-axc,0] && EqQ[cxd"2+axe”2,0] && NeQ[cxA"2+axB"2,0]

A+Bx?
3. dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd’>-ae?#0
(d+ex2)

Va+bx?+cx?

14



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

A + B x? c
1. dx whenb?-4ac#0 A cd>-bde+ae?#0 A cd?-ae?#0 A s>0

(d+ex?) Va+bx*+cx®

A+ Bx? .
X: dx whenb?-4ac#0 A cd’-bde+ae?2#0 A cd>-ae?2#0 A ;>0ACA2—aBZ==0

(d+ex2)\/a+bx2+cx4

Rule1.2.2.7.6.1.3.1.3.1.x:If b2-4ac+0 A cd’-bde+ae?+0 A cd?>-ae?+0 A >0 A cA?-aB?:=-0,
letqe«/%,then
J“ A+ Bx2
dx —
(d+ex?) Va+bx*+cx?
—b+ﬁ+zx
(Bd—Ae)ArcTan[E] Bq (cd®-ae?) (A+Bx?) i(Lzzci“)_ ,
- 2bxrex + o) EllipticPi[-M, 2 ArcTan[qXx], i— bA ]
4deAB 2 4aB

N 2 4
ade —b+ﬂ+“'d—e 4cde (Bd-Ae) Va+bx®+cXx
e

Program code:

(» Int[ (A_+B_.*x_"2)/((d_+e_.*x_"2)*xSqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[B/A,2]},
- (Bxd-Axe) xArcTan[Rt[-b+cxd/e+axe/d,2] xx/Sqrt[a+b*x"2+c*x"4]]/ (2xd*exRt[-b+cxd/e+axe/d,2]) +
Bxqx (cxd*2-axe”2) x (A+Bxx"2) *Sqrt [A*2x (a+b*x"2+cxx*4) / (a* (A+Bxx"*2)"2) ]/ (4xcxdxex (Bxd-Axe) xSqrt[a+bxx"2+c*x*4]) *
EllipticPi[- (Bxd-Axe)”*2/ (4xdxexAxB) ,2xArcTan[qxx],1/2-bxA/ (4xaxB) ] ] /3
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”"2-4xaxc,0] && NeQ[c*d"2-bxdxe+axe”2,0] &% NeQ[cxd"*2-axe”2,0] &% PosQ[c/a] && EqQ[c*A”2-axB"2,0] *)

(* Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)xSqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[B/A,2]},
- (Bxd-Axe) xArcTan[Rt[cxd/e+axe/d,2] xx/Sqrt[a+c*x"*4]]/ (2+xdxexRt[cxd/e+axe/d,2]) +
Bxqx (cx*d*2-axe”2) x (A+Bxx"2) *Sqrt [A*2x (a+cxX"4) / (a* (A+Bxx"2)"2) ]/ (4*cxdxex (Bxd-Axe) *Sqrt[a+c*x"4]) *
EllipticPi[- (Bxd-Axe) "2/ (4xdxexAxB) ,2xArcTan[q*x],1/2] ] /5
FreeQ[{a,c,d,e,A,B},x] & & NeQ[cxd"2+axe”2,0] && NeQ[cxd"2-axe”2,0] && PosQ[c/a] && EqQ[cxA"2-axB"2,0] =x)
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Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

A + B x? .
1: dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd’-ae?#0 A ;>0/\CA2—332::0

(d+ex?) Va+bx?+cx?

Rule1.2.2.7.6.1.3.1.3.1.1:1f b?’-4ac+0 A cd’>-bde+ae?+0 A cd*>-ae’?+0 A $>0 A cA’>-aB?:=-0,

letq > +/ 7 ,then

A+Bx?
dx —
(d+ex2)\/a+bx2+cx4

{_b+ﬂ+£ x

e d 2 2 4
_ A® (a+b x*+c X
(Bd-Ae) ArcTan| —— | (Bdne) (a+Bx) [ Klmxed) T
- +

Sde ,—b+ﬂ+:—e 4deAgqVa+bx?+cx?
e

Program code:

. . _.r (Bd-Ae)? 1 bA
E111pt1cP1[—d—, 2 ArcTan[qx], — - —]
4deAB 2 4aB

Int[ (A_+B_.*x_"2)/((d_+e_.xx_"2)*xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[B/A,2]},
- (Bxd-Axe) xArcTan[Rt[-b+cxd/e+axe/d,2] *x/Sqrt[a+b*x"2+c*x"4]]/ (2xd*exRt[-b+cxd/e+axe/d,2]) +
(Bxd+Axe) * (A+Bxx”2) *Sqrt [A”2x (a+b*x*2+cxXx"4) / (a* (A+Bxx"2)"2) ]/ (4xdxexAxqxSqrt[a+bxx"2+c*x"4])
EllipticPi[Cancel[- (Bxd-Axe)”"2/ (4xdxexAxB)],2xArcTan[q*x],1/2-bxA/ (4xaxB) ] ] /5
FreeQ[{a,b,c,d,e,A,B},x] & NeQ[b”"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && NeQ[cxd*2-axe”2,0] && PosQ[c/a] && EqQ[cxA~2-axB"2,0]

Int[ (A_+B_.*x_"2)/((d_+e_.*x_"2)xSqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[B/A,2]},
- (Bxd-Axe) xArcTan[Rt [cxd/e+axe/d,2] xx/Sqrt[a+c*x*4]]/ (2+xdxexRt[cxd/e+axe/d,2]) +
(Bxd+Axe) * (A+Bxx"2) *Sqrt [A*2x (a+Cc*x"4) / (ax (A+Bxx"2)*2) ]/ (4xdxexAxq*Sqrt[a+c*x"4]) *
EllipticPi[Cancel[- (Bxd-Axe) "2/ (4xdxexAxB)],2xArcTan[q*x],1/2] ] /3
FreeQ[{a,c,d,e,A,B},x] & & NeQ[cxd"2+axe”2,0] && NeQ[cxd"2-axe”2,0] && PosQ[c/a] && EqQ[cxA"2-axB"2,0]
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Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

A+Bx? .
2: dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd’>-ae?#0 A ;>0/\CA2—aBZ¢0

(d+ex?) Va+bx?+cx?

Derivation: Algebraic expansion

Bas|s- A+BX2 _ B-Ag _ (Bd*AE) <1+q Xz)
" d+e x? e-dq (e-dq) (d+ex?)

Rule1.2.2.7.6.1.3.1.3.1.2:1f b?-4ac+0 A cd’>-bde+ae?+0 A cd*>-ae?+0 A >0 A cA’>-aB?+0,

letqeﬂ/i,then

A + B x?
dx —
(d+ex*) Va+bx*+cx?

1 dx a(Bd-Ae) (e+dq) 1+qx? dx
cd?-ae? J«/ ’ cd?-ae? A/
a+bx?+cx* (d+ex2) a+bx?+cx?

A(cd+aeq) -aB (e+dq)

Program code:

Int[ (A_.+B_.*x_"2)/((d_+e_.*x_"2)xSqrt[a_+b_.*x_"2+c_.*x_"4]) ,x_Symbol] :=
With[{q=Rt[c/a,2]},
(A* (cxd+axe*q) -axBx (e+dxq) ) / (cxd*2-axe”2) *xInt[1/Sqrt[a+b*x*2+cxx 4] ,X] +
ax (Bxd-Axe) » (e+d*q) / (cxd*2-axe”2) *»Int[ (1+q*x”2) / ( (d+exx"2) xSqrt[a+bxx*2+c*xx"4]),x]] /;
FreeQ[{a,b,c,d,e,A,B},x] & NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && NeQ[cxd*2-axe”2,0] && PosQ[c/a] && NeQ[cxA*2-axB"2,0]

Int[ (A_.+B_.*x_"2)/ ((d_+e_.*x_"2)xSqrt[a_+c_.*x_"4]),x_Symbol] :=

With[{q=Rt[c/a,2]1},

(Ax (cxd+axexq) -axBx (e+dxq) ) / (cxd*2-axe”~2) xInt[1/Sqrt[a+c*xx"4],x] +

a* (Bxd-Axe) x (e+dxq) / (cxd*2-axe”2) xInt [ (1+q*x”2) / ( (d+exx”*2) xSqrt[a+cxx"4]),x]] /;
FreeQ[{a,c,d,e,A,B},x] && NeQ[cxd"2+axe”2,0] && NeQ[cxd”*2-axe”2,0] && PosQ[c/a] && NeQ[cxA"2-axB"2,0]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

A + B x? c
2: dx whenb?-4ac#0 A cd’-bde+ae?2#0 A cd’>-ae?#0 A S¥o

(d+ex?) Va+bx*+cx?

Derivation: Algebraic expansion

A+Bx2

Basis: B, eAdB_
“diex? T e

- e (d+e X2>

Rule 1.2.2.7.6.1.3.1.3.2:1f b>-4ac+0© A cd*>-bde+ae*+0 A cd*-ae?+0 A < #0,then

A+ Bx? B 1 eA-dB 1
dx—»—f dx + dx
(d+ex2)\/a+bx2+cx4 €J Va+bx?+cx? e (d+ex2)\/a+bx2+cx4

Program code:

Int[(A_.+B_.*x_"2)/((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.*x_"4]) ,x_Symbol] :=
B/exInt[1/Sqrt[a+bxx*2+c*xx"4],x] + (exA-dxB)/exInt[1l/ ((d+exx”"2)*Sqrt[a+b*x*2+cxx"4]),x] /;
FreeQ[{a,b,c,d,e,A,B},x] & NeQ[b"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && NeQ[cxd*2-axe”2,0] && NegQ[c/a]

Int[(A_.+B_.*x_"2)/((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
B/exInt[1/Sqrt[a+c*x*4],x] + (exA-dxB)/exInt[1l/ ((d+exx"2)*Sqrt[a+cxx*4]),x] /;
FreeQ[{a,c,d,e,A,B},x] & & NeQ[c*d"2+axe”2,0] && NeQ[cxd"2-axe”2,0] && NegQ[c/a]
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Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p 19

A+Bx?+Cx*
2. dx whenb?-4ac#0 A cd’-bde+ae?#0

d+ex?) Va+bx?+cx

A+Bx%+Cx*
1: dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd>-ae?=0

d+ex2) Va+bx?+cx*

Derivation: Algebraic expansion

Rule1.2.2.7.6.1.3.2.1:1f b>-4ac+0 A cd’>-bde+ae?+0 A cd?>-ae? = 0,then

A+Bx%+Cx* C d-ex? Cd>+Ae?+Be?x?
le—)——ZJ‘—le+—2 dx
(d+ex2) Va+bx?+cx?* € Va+bx?+cx* € (d+ex2) Va+bx?+cx?*
Program code:

Int[P4x_/ ((d_+e_.xx_"2)*xSqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
With [ {A=Coeff [P4x,x,0] ,B=Coeff [P4x,x,2],C=Coeff[P4x,x,4]},
-C/e”2xInt[ (d-exx”"2) /Sqrt[a+bxx*2+cxx*4] ,x] +
1/e72xInt[ (Cxd*2+Axe”2+Bxe”2xx"2) / ((d+e*x”"2) x*Sqrt[a+bx*x*2+c*x"4]) ,x] ] /5
FreeQ[{a,b,c,d,e},x] && PolyQ[P4x,x"2,2] & & NeQ[b"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] & EqQ[cxd*2-axe”2,0]

Int[P4x_/ ((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=

With[{A=Coeff [P4x,X,0] ,B=Coeff [P4x,x,2],C=Coeff[P4x,x,4]},

-C/e”2xInt[ (d-exx”"2) /Sqrt[a+c*x*4],x] +

1/e”2xInt[ (Cxd*2+Axe”2+Bxe”2xx"2) / ( (d+exx"2) xSqrt[a+c*x*4]),X] ] /3
FreeQ[{a,c,d,e},x] && PolyQ[P4x,x"2,2] && NeQ[cxd*2+axe”2,0] && EqQ[cxd*2-axe”2,0]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p 20

A+Bx?+Cx?
2. dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd’>-ae?#0
(d+ex?) Va+bx?+cx?
A+Bx?+Cx* c
1: dx whenb?-4ac#0 A cd’-bde+ae?2#0 A cd’>-ae?2#0 A >0 A b2-4acyo
(d+ex2) Va+bx?+cx*

Derivation: Algebraic expansion

Rule 1.2.2.7.6.1.3.2.2.1:1f b>-4ac+0© A cd*>-bde+ae*?+0 A cd*>-ae?+0 A >0 A b2-4ac#0,let

qe\/€,then

A+Bx?+Cx* C 1-qx? 1 Ace+aCdq+ (Bce-C (cd-aeq)) x?
dX —» - — | —————dx + — dx
(d+ex?) Va+bx?+cxt €qdJ vasbx2+cx? ce (d+ex?) Va+bx®+cx?

Program code:

Int[P4x_/ ((d_+e_.*x_"2)xSqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2],A=Coeff[P4x,X,0],B=Coeff[P4x,X,2],C=Coeff[P4x,x,4]},
-C/ (exq) *Int[ (1-q*x”2) /Sqrt[a+bxx*2+cxx*4] ,x] +
1/ (cxe) »Int[ (Axcxe+a*Cxdxq+ (Bxcxe-Cx (cxd-axexq) ) *x*2) / ( (d+exx*2) xSqrt[a+bxx*2+c*x"4]) ,X] ] /3
FreeQ[{a,b,c,d,e},x] && PolyQ[P4x,x"2,2] & & NeQ[b"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && NeQ[cxd*2-axe”2,0] && PosQ[c/a] && Not[GtQ[b*

Int[P4x_/ ((d_+e_.*x_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2],A=Coeff[P4x,X,0],B=Coeff [P4x,X,2],C=Coeff[P4x,x,4]},
-C/ (e*xq) *Int[ (1-q*x"2) /Sqrt[a+cxx"4],Xx] +
1/ (cxe) *Int[ (Axcxe+axCxdxq+ (Bxcxe-Cx (cxd-axexq) ) *x*2) / ( (d+exx"2) »Sqrt[a+c*x"4]),Xx] ] /8
FreeQ[{a,c,d,e},x] && PolyQ[P4x,x"2,2] && NeQ[cxd*2+axe”2,0] && NeQ[cxd*2-axe”2,0] && PosQ[c/a]



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p 21

A+Bx%+Cx*
2: dx whenb?-4ac#0 A cd’-bde+ae?#0 A cd>-ae?#0

(d+ex?) Va+bx*+cx?

Derivation: Algebraic expansion (polynomial division)

Rule 1.2.2.7.6.1.3.2.2.2:1f b>-4ac+0@ A cd*>-bde+ae?+0 A cd?>-ae?+0,then

A+Bx?+Cx* 1 ~Cd-Be-Cex? Cd’-Bde+Ae? 1
dlx—»——zj dx + 3 dx
(d+ex?) Va+bx?+cx* € JvVa+bxt+cxt € (d+ex?) Va+bx?+cx?
Program code:

Int[P4x_/ ((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.*Xx_"4]),x_Symbol] :=
With[{A=Coeff [P4x,X,0] ,B=Coeff [P4x,x,2],C=Coeff[P4x,x,4]},
-1/e”2xInt[ (Cxd-Bxe-Cxexx"2) /Sqrt[a+b*x"2+c*x*4],x] +
(Cxd”2-Bxdxe+Axe”2) /e*2xInt[1/ ( (d+e*xx"2) xSqrt[a+b*xx"2+c*x*4]),X] ] /3
FreeQ[{a,b,c,d,e},x] & & PolyQ[P4x,x"2,2] &% NeQ[b"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && NeQ[cxd*2-axe”2,0]

Int[P4x_/ ((d_+e_.xx_"2)xSqrt[a_+c_.*x_"4]),x_Symbol] :=

With [ {A=Coeff [P4x,Xx,0] ,B=Coeff [P4x,x,2],C=Coeff[P4x,x,4]},

-1/e”2%Int[ (Cxd-Bxe-Cxexx”"2) /Sqrt[a+c*xx"4],x] +

(Cxd"~2-Bxdxe+Axe”2) /e”2xInt[1/ ((d+exx*2) xSqrt[a+cxx"4]),X] ] /5
FreeQ[{a,c,d,e},x] && PolyQ[P4x,x"2,2] && NeQ[cxd*2+axe”2,0] && NeQ[cxd*2-axe”2,0]

Pq[X]
3:J a dx whenb?-4ac#0 A cd>-bde+ae?#0 A q>4
(d+ex2)

Va+bx?+cx*

Rule1.2.2.7.6.1.3.3:If b>-4ac+0 A cd’-bde+ae?+0 A gq>4,then

J Pq[X]
dx —
(d+ex2) Va+bx?+cx*
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Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

Pq[X, q] X3° Va+bx?+cx* 1 ce (q-3) Pg[x] - Pqlx, q] x%° (d + e x?) (a(q—S)+b(q—4)x2+c(q—3)x“)dl
. X
ce(q-3) ce(q-3) (d+ex?) Va+bx®+cx?

Program code:

Int[Px_/ ((d_+e_.*x_"2)xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=

With [ {q=Expon [Px,x]},

Coeff[Px,X,q] *x*(q-5) *Sqrt[a+b*x"2+c*x*4]/ (cxe* (q-3)) +

1/ (cxex(q-3)) *
Int [ (cxex (q-3) xPx-Coeff [PX,X,q] X" (q-6) » (d+e#xX"2) x (a* (q-5) +bx (q-4) xx"2+Cx (q-3) xx"4) ) /
((d+e*x"2) xSqrt[a+b*x"2+cxx*4]) ,x]| /;
GtQ[q,41] /;
FreeQ[{a,b,c,d,e},x] & & PolyQ[Px,x] && NeQ[b"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0]

Int[Px_/ ((d_+e_.*x_"2)*Sqrt[a_+c_.x*x_"4]),x_Symbol] :=
With[{q=Expon[Px,X]},
Coeff [Px,Xx,q] *x” (q-5) *Sqrt[a+cxx*4] / (cxex (q-3)) +
1/ (cxex(gq-3)) *
Int [ (cxex (q-3) xPx-Coeff [PX,X,q] X" (q-6) » (d+e#X"2) » (a* (q-5) +Cx (4-3) x"4) ) / ((d+exx"2) +Sqrt [a+cxx"4]) ,x]| /;
GtQ[q,4]1] /;
FreeQ[{a,c,d,e},x] && PolyQ[Px,x] && NeQ[cxd*2+axe”2,0]

Pa[x*] (a+bx?*+cxt)P
x:f dx whenb?-4ac#0 A cd?’-bde+ae?#0 A p<-1
d+ex?

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule1.2.2.7.6.x:If b>-4ac+0 A cd>-bde+ae?+0 A p<-1,let
Qq—Z [Xz} - PolynomialQuotient {Pq [XZ} ,a+b X%+ C X4, X} and A + B x? - PolynomialRemainder [Pq[x?], a + bx*+ c x*, x],

then

dx —

J~Pq[x2] (a+bx®+cx*)P

d+ex?



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

Bd-Ae J‘(a+bx2+cx4)p dx+JQq_2[x2] (a+bx2+cx“)p+1 dx —

B
—J(a+bx2+cx4)pdx—
e

e d+ex? d+ex?

Bx (b*-2ac+bcx?) (a+bx2+cx“)p+1
- +
2ae (p+1) (b*-4ac)
((Bd-Ae)x (b®’cd-2ac’d-b’e+3abce+c (bcd-b’e+2ace)x?) (a+bx2+cx4)p+1)/(23e(p+1) (b*-4ac) (cd’-bde+ae?)) +

J\(a+bx2+cx“)p+1 [ Pq [%?] d + e x?

d+ex? a+bx?+cx* (a+bx2+cx4)p+1

( Bx (b>-2ac+bcx?) (a+bx2+cx“)p+1
O | - +

2ae(p+1) (b*-4ac)

((Bd-Ae)x (b®’cd-2ac’d-b’e+3abce+c (bcd-b’e+2ace) x?) (a+bx2+cx4)p+1)/(2ae(p+1) (b*-4ac) (cd’-bde+ae®))|dx

Program code:

(* Int[Pq_=(a_+b_.xx_"2+c_.xx_"4)"p_/(d_+e_.*x_"2),x_Symbol] :=
With[{A=Coeff [PolynomialRemainder [Pq,a+bxx"2+c*x"4,x],X,0],
B=Coeff [PolynomialRemainder [Pq,a+bxx"2+c*x"4,x],X,2]},
-B#x* (b"2-2xaxC+bxC*¥X"2) x (a+b*Xx"2+Cc*X"4) ~ (p+1) / (2*xaxex (p+1) » (b*2-4xaxc)) +
(Bxd-Axe) xx* (b"2xcxd-2xaxc*2xd-b”3xe+3*xaxbxcxe+cx (bxcxd-br2xe+2xaxcxe) *X*2) x (a+bxx"2+c*x"4) " (p+1) /
(2%axex (p+1) * (b*2-4xaxc) * (cxd*2-bxdxe+axe”2)) +
Int[ (a+b*x"2+c*xx"4)~ (p+1) / (d+exx~2) xExpandToSum[Pq/ (a+b*x"*2+c*Xx"4) - (d+exXx"2) / (a+b*X"2+Cxx"4) ~ (p+1) *
D[-BxXx* (b"2-2xaxc+bxCcxX"2) * (a+b*Xx"*2+c*x"4) " (p+1) / (2+xaxe* (p+1) » (b*2-4xaxc)) +
(Bxd-Axe) *x* (b*2xcxd-2xaxc*2xd-b”3xe+3xarbxcxe+cx (bxcxd-b r2xe+2xaxcxe) *x*2) x (a+bxx*2+c*xx"4) ~ (p+1) /
(2*a*e*(p+1)*(bA2—4*a*c)*(c*dAz—b*d*e+a*eA2)),x],x],x]] /5
FreeQ[{a,b,c,d,e},x] & & PolyQ[Pq,x"2] && Expon[Pq,x"2]>0 && NeQ[b"2-4xaxc,0] && NeQ[c*d*2-bxdxe+axe”2,0] &% LtQ[p,-1] =)

2: JP[XZ] (d+ex®)? (a+bx®+cx*)?dx whenb?-4ac#@ A cd’-bde+ae?#0 A p+%ez AQezZ

Derivation: Algebraic expansion

Rule1.2.2.7.6.2:1f b>-4ac+0 A cd’-bde+ae?+0 A p+%ez A q € Z,then



Rules for integrands of the form Poly(x) (d+e x"~2)"q (a+b x"2+c x"4)"\p

JP[XZ] (d+ex?)? (a+bx®+cx*)Pdx — f

1

Va+bx?+cx?

ExpandIntegrand [P[xz] (d+ex?)? (a+bx®+cx?) p";, x] dx

Program code:

Int[Px_x (d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
Int [ExpandIntegrand[1/Sqrt[a+bxx"2+c*Xx"4] ,Px* (d+e*Xx"2) *q (a+b*x"2+c*x"4) "~ (p+1/2) ,x],x] /;
FreeQ[{a,b,c,d,e},x] & & PolyQ[Px,x"2] && NeQ[b”2-4xaxc,0] &% NeQ[cxd"*2-bxdxe+axe”2,0] && IntegerQ[p+1/2] && IntegerQ[q]

Int[Px_x (d_+e_.*x_"2)"q_.*(a_+C_.*x_"4)"p_,x_Symbol] :=

Int [ExpandIntegrand[1/Sqrt[a+c*Xx"4] ,Pxx (d+exx"2)~q* (a+cxx"4) " (p+1/2),x],x] /;
FreeQ[{a,c,d,e},x] && PolyQ[Px,x*2] &% NeQ[cxd"2+axe”2,0] &% IntegerQ[p+1/2] && IntegerQ[q]

u: JP[x] (d+ex?)? (a+bx®+cx*)Pax

Rule 1.2.2.7.U:

JP[x] (d+ex?)? (a+bx®+cx*)Pdx — JP[x] (d+ex®)? (a+bx®+cx*)Pax

Program code:

Int[Px_=x (d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
Unintegrable [Pxx (d+exx"2) ~qx (a+bxXx*2+c*x"4) *p,x] /;
FreeQ[{a,b,c,d,e,p,q},x] && PolyQ[Px,X]

Int[Px_x (d_+e_.*x_"2)"q_.*(a_+C_.*X_"4)"p_.,x_Symbol] :=
Unintegrable [Pxx (d+exx"2) ~Aqx* (a+CxXx*4) *p,x] /;
FreeQ[{a,c,d,e,p,q},x] && PolyQ[Px,X]



